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Abstract:

This paper aimed at investigating the partial Malliavin calculus, The operators Dy, 84 and Ly, associated with
the projection on H', The existence of A conditional density.
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I. INTRODUCTION

Let H be a real separable Hilbert space. Suppose that W = {w(h),h € H } is a Gaussian process with zero
mean and covariance function given by E(w(h)w(g)) = (h, g), defined in some probability space (Q,F, p).
This means that DF can be considered as an element of L?(Q; H QF).

We introduce the operator &, defined on H-valued smooth functionals G = g(w(hl), s W(hn))h as follows

8(6) = g(w(hy), ..., w(hy))w(h)
- Z(ajg)(w(hl), o w(hy) - (b, ). (1.1)
=1

Notice that §(G) is a real valued random variable.
We recall the following basic properties of these operators:

Q) The chain rule: If F = (Fy, ..., E,) € Dy, (R™) and ¢ : R™ —» Risa C* function with bounded partial
derivatives then

DH(F) = ) (0:$)(F)DF:. (12)

(i) The integration by parts formula: If G and F are smooth random variables taking values in H and R,
respectively, then:
E((G,DF)) = E(6(G)F). (1.3)

This means that § is the dual of D. If we denote by Dom § c L?(€; H) the domain of the operator & considered
as the dual of the unbounded operator D on L2(2) (with domain D, ;), then formula (2.19)[56] holds for any
FeD,,and G € Dom .

(iii) LF = 6DF, for any F in the domain of L as an operator on L?(<Q).

Definition (1): We define the partial derivative operator D;; : D, ; — L?(Q; H) as the projection of D on

namely, forany F € D, ;,
Dy F = ﬂ (DF) = ﬂ (DF) (w).
H K(w)

Some properties of this derivative:

Q) Let F = f(w(hy), ..,w(h;)) be a smooth functional. Then

k
DF = Z(ai A(W(h), ..., w(h))h;, and
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k
DocF = ) @)k, whi) | |
i=1
Note that for any h € H we have

d
(DyF, k) = (DF, HKm =gl F (w be HK( )(h)).

(i) Thechainrule. Let F;, ..., F, € D, 4 and let ¢ : R™ — R be a continuously differentiable function with
bounded first derivatives. Then ¢(F) € D, ,, and

Did(F) = ) @i$)(FIDscF:.
i=1

In fact, it suffices to project on K (w) the ordinary chain rule for the derivative operator.
It is well known that D is a closed operator on D, ;.
Definition (2): Set
DomlLy; = {F € Dy, : DycF € Dom 8} = {F € D, : DF € Dom 8y},
and for any F € DomlL4; we define
LyF = 84Dy F = 8Dy F.
Properties of the operator Lg;:

Q) It follows from property (ii) of 8, that

Ly (Fy, o, Fy) = 6]_[}[ (Z(@@(F)Dﬂ-)

i=1
-1 (Z(aiwmuﬁﬂ)
= > QW P)LscF; = ) (0:07)(F) (DycFy, DycF)),
i=1 ij=1

Provided that the components of F = (F;, ..., E,,) belong to DomL4, ¥ is a smooth bounded function with
bounded first and second partial derivatives, and E(||DF;||*) < ,i = 1, ..., m.

(i) Under the condition of Lemma (2.2.2) [56], smooth functionals of the form f(w(hl), s w(hk))
belong to DomLs, and therefore, DomLs; is dense in L2(Q).

2. PRELIMINARIES

We derive two results regarding the existence of conditional densities. These results hold under relatively
weak assumptions on the Malliavin derivatives but are restricted in other directions. For the first result the
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conditioning o-field is restricted to be finitely smoothly generated. For the second result the last restriction is
dropped, however it is assumed that the random variable for which the conditional density is obtained is one-
dimensional (and not a finite dimensional vector). Both results are motivated by the work of Bouleau-Hirsch
[66]. We consider stronger assumption on the partial Malliavin matrix. Also, conditions for the smoothness of
the density will be considered.

We assume that H is a real separable Hilbert space and W = {w(h), h € H} is a Gaussian process.

Theorem (1): Let Gy, ..., Gy, be elements of D, ; satisfying det (DG;, DG;) > 0a.s. Set H = {K(w) ,w € Q}
with K (w) = (DG;(w),i =1,...,n)*. LetF = (Fy, ..., E,), F; € D,,and assume that

det (Dy Fi;, DycF) >0  a.s.
Then, there exists a conditional density for the law of F given the o-field o{G4, ..., G,,}.
Proof: Consider the augmented vector
(Gy, .o, G, Fyy e, Ep).

Note that in order to prove the theorem it suffices to show that the augmented vector possesses a joint density.
The determinant of the Malliavin matrix of the augmented vector is given by:

Q=det| by (DR, DR)| (2.1)

The result of Bouleau and Hirsch is that if the above determinant is a.s. non zero then the augmented vector has
a probability density.

On the other hand, it was shown by Ikeda, Shigekawa and Taniguchi (equation 3.29 of [57]) that
Q = det[(DG;, DG;)] - det[(Ds;F;, Dy # F;)] (2.2)
where Q is as defined by (2.30)[56]. By our assumption this expression is positive and this completes the proof.

Theorem (2): Let F € D, ,be areal valued random variable, and G = (G;,i = 1), G; € D, ;. Assume that Dy,
is a closed operator where H is induced by G , that means, H = {K(w) ,w € Q}and K(w) = (DG;(w),i =
1)* (cf. Lemma (2.2.2)) [56]. If (DsF,DsF) > 0 a.s., then F has a conditional density with respect to the
sub- o-field generated by G.

Proof: Without any loss of generality we may assume that F is bounded, namely |F| < 1. Denote by P; the
probability law induced by G on R™. Then it suffices to show that the probability law induced by the vector
(F,g) on (—1,1) x R*, denoted by Prg) is absolutely continuous with respect to the product measure

d adPg(x). In that case the Radon-Nikodym derivative

_ dP(F,g)(“' E)

flax)=— adPg(x) (2.3)
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will provide a version for the conditional density of F given G = x.

We have, therefore, to show that for any measurable function g: (—1,1) x R* — [0,1] such that
S g(a,x)d adP;(x) = 0 we have E[g(F, G )| = 0. If g is such a function we have

f ga,x)da=0 (2.4)

for almost all x with respect to the low of G . Consequently, there exists a sequence of continuously
differentiable functions with bounded derivatives g": (—1,1) X R™ — [0,1] such that g"(a, x4, ..., X,,)
converges to g((a, x) for almost all (a, x) with respect to the measure dP (@, x) + d adPg(x). Take

y
YV, X, ey Xpy) = fg"(a,xl,...,xn)da
21

and
y
¥(.x) = [ glax)da.

ThenY"(F, Gy, ..., G,) € D, ; and

a n
axi

n
D[Y"(F, Gy, ..., Gy)] = 8"(F, Gy, .., Gy)DF + Z (F,Gy, ..., G,)DG;. (2.5)
i=1

We have
Y™ (f, Gy, .., Gy) > Y(F,G )

a.s.,as n — o, and in L2(Q) by dominated convergence. Because of (2.4) with g(a, x) nonnegative, it holds
that ¥(F,G ) = 0 a.s. Now from (8)

Dy [Y™(F, Gy, ..., Gp)] = g™(F, Gy, ..., G,) Dy F, (2.6)

which converges a.s. to g(F, G )DyF. Thus g(F, G )Dy:F = 0 because Dy was assumed to be a closed

operator, and, therefore, g(F,Q) =0 a.s., because (D4 F,DsF) > 0 a.s., which completes the proof of the
theorem.

Proposition (1): Suppose that {F; ,i = 1} and {G; ,i = 1} generate the same o-field G, and F;, G; € D, , for
any i > 1. Assume that the families H = {(DF;, i = 1)*} and H; = {({DG;, i = 1)*} are such that Dy, and
Dy, are closed operators. Then Hy = H;.

Proof: It suffices to show that DF € (DG;, i = 1) for any G-measurable F € D, ;. There exists a sequence
Yn(Gy, ..., Gy) = F asn — oo, in L2(Q) and a.s. We may assume that the functions ,, are in C;°(R™). Clearly
Dy [ (G4, ..., Gy)] = 0, since the projection is on the orthogonal to (DG;, i = 1). So Dy .F = 0 a.s., because

Dy is closed, and this implies that DF € }[é =(DG;, i = 1).

Throughout this section we assume that G = o{G; ,i > 1} is countably smoothly generated and H = H.
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Proposition (2):

@ Conditional integration by parts formula: For any F € D, ; and u € Dom 6,5, we have
E((u, Dy F)IG) = E(F 65ulg)
(b) Ly is "conditionally self-adjoint™: For any F, Q in the domain of L,,

EQLyF19) = E(FLyQ19).

Proof: Leti : R™ - R be a C*-function bounded and with bounded derivatives. Set R = ¥(Gy, ..., G,,). Then
by (2.21) [56]

E(FR&3u) = E((Dy (FR),u))
= E((FD3;R,u) + (RDyF, u))
= E(R(DyF,u)),
which proves the first part. The second part follows since
E(QLxF19) = E(Qb4 Dy F1G)

= E((D3Q, D3 F)|G) = E(FL3G|G).

3. CLAIMS
Definition (3): Set Dom 83 = {u € L>(€; H) : [[;r u € Dom 83}, and for any u € Dom 85, set Sqpu = &[5 u.

With this definition we have the following integration by parts formula:

E(Féyu) = E (m I_L{u)
_F ((DF, ﬂ}[w)

= ((DgF, u)), (3.1)
forany u € Dom 63 and F € D, ;.

Notice that the condition in Lemma (2.2.2) [56] implies that the H-valued smooth random variables belong to
Dom &3;. S0, Dom 8, is a dense subset of L2(Q; H).

Some properties of the operator &

(i) Letu € Dom &y, then it is clear from the definition that [Jsc u € Dom &4, and & [I3c u = 6 [13c u = S4cu.
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(if) Letu € Dom 64, and F € D, ;. Then Fu € Dom &3, and
O3 (Fu) = Féyu — (u, Dy F), (3.2)
Provided that the right hand side is square integrable.
The proof is a direct consequence of the same result without H (see [65]).
Lemma (1): If [Is;h € Dom 6 forall h € H, then Dy is a closed operator on D, ;.

Proof: Forany F € D, ;, we can write using integration by parts

E((h, Dy F)) = E ((I_L[h,DF)) —E (5 (n%h) F).

More generally, for any smooth H-valued random variable G : Q — H like

G =Y" & (w)h; , we have [[ G € Dom § (since []4 h; were assumed to be in Dom §, and the &; are

smooth), and
E((G, DycF)) = E ((ﬂg{c,mr)) _E (5 (Hﬁa) F>. (3.3)

This implies that D4 is closed since
L*(Q)
Fn — O ) Fn E Dz,l

L%2(Q;H)
D}[Fn — 7

=>n=0.

In fact, setting F = E, in (3.3) and letting n — <o yields the result.

Theorem (3): Let F = (F,, ..., F,) be a k-dimensional random vector verifying the following condition:
(i) F; € Dy, Dy F; € Dom§ and (Dy F;, Dy Fj) € D, foranyi,j=1,...k.

(ii) The partial Malliavin matrix y;; = (Ds-F;, Dy F;) is invertible a.s.

Then there exists a conditional density for the law of F given the o-algebra §.

Proof: For any integer N > 1 we consider a function y, € C5(R™®R™) (C*and with compact support) such
that

@ yYylo)=1if 0 €Ky,

(b)  Yn(o) =0if o & Ky, Where
Ky = {a € R"®R™: |cY| < N for anyi,j and |dets| = %}, i.e.Ky is a compact subset 0

fGL(m) € R"@R™,
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We fix a function ¢ € C;°(R™). Using the differentiation rules of the partial Malliavin calculus we deduce
¢(F) € D,, and

Did(F) = ) i) (FIDscF.

Hence,

m
(Dred(F), DycF) = Y O (P,
i=1
where y;;[j is as defined above in the statement of the theorem. Then, we have

Eln a0 @) P)IG] = D B[ty (s Dach (P, Do) (g g]

j=1
m

E (D (6P ) n (vs0) ) Doy = d(F) (Dse (i) () ), Dac Fy) 1G]

j=1

m

= E4o) ) [0 n (r08DseF; = Do () ra0)) Dac | 1§
j=1
= E(@(FANIG),

where Ay is some integrable random variable.
Assume that F = (Fy, ..., F,,) is rando m vector such that F; € D foranyi =1,...,m
Let G = o{G;,i = 1} be a countably smoothly generated a- algebra such that the following condition holds:

(€) neDb,(H) implies [[4n € D,(H).

This condition holds, for example, if the number of generators is finite, say G4, ..., G, , (det(DGl-, DGJ-))_1 €
Np>1 LP(Q)and G, €D, i =1,..,n

Consider the partial Malliavin matrix of F, defined as before by
= (Dy F;, Dy Fj).

Proposition (3): Let k be a positive integer. If (y;;})Y € LP for some p > 4k and if we take g > 1 satisfying
$+ %k < 1, then the mapping

S(R™) 3 ¢ - ¢p(F) €D,
8
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is continuous with respect to the norm || - ||_,, on S(R™), and the norm || - on D, , for almost all w,

”Po,—zk.m
where — + % =1.

Po

Proof: For ¢ € S(R™) and R € D , [IR|l4,2k < 1, we have, using Lemma (10),

f d(F)YR(Y)p(w,dy) f({(l + x?2 = M)A+ [x|* = A) PN F) RY)p(w, dy)
Q Q

j (1 + 1212 = A) ) (F) ) Bar (R) 0)p(w, dy)
Q

<@+ 1%l = A) Pl E(Bx (R 1)
S N@ll-2kEIB2 (R 1G ),

for almost all w.

Taking countable and dense subsets of S(R™) and D 5, , we may assume that the above inequality holds for all
¢ and , a.s., and this concludes the proof.
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